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Abstract. We consider deformations of singular Lagrangian varieties 
in symplectic spaces. We prove that a Lagrangian deformation of a La- 
grangian complete intersection is analytically rigid provided that this 
is the case infinitesimally. This result solves a problem posed by Colin 
de Verdiere concerning Lagrangian curves. Finally, we prove the co- 
herence of the direct image sheaves of relative infinitesimal Lagrangian 
deformations. 



Introduction 

The study of deformations of quantum integrable systems in the semi- 
classical limit is governed by the deformation of their characteristic varieties. 
Namely, to the symplectic equivalence of characteristic varieties corresponds 
the equivalence of the ideal generated by the corresponding micro-differential 
operators up to right multiplication by a micro-elliptic operator (see e.g. [5]). 
For quantum integrable systems, the characteristic variety is a Lagrangian 
variety which is as a general rule a singular complete intersection with non- 
isolated singularities. The singularities of this variety reflect the complexity 
of the quantum system, for instance the singular Bohr-Sommerfeld rules or 
the asymptotic behaviour of the spectrum (see e.g. @], [5]). 
Following a previous work of Pham ( |18). see also ^Sj), Colin de Verdiere 
proved a microlocal versal deformation theorem for a particular class of one- 
dimensional microdifferential equations (0). Using the above correspon- 
dance, the theorem was stated as a Lagrangian versal deformation theorem 
for monomial deformations of quasi-homogeneous Lagrangian curve germs. 
Then, Colin de Verdiere posed the problem of the existence of a Lagrangian 
versal deformation theorem for general Lagrangian curve germs. In this pa- 
per, we prove a rigidity theorem for Lagrangian varieties which solves this 
problem positively when applied to the case of Lagrangian curves. 
This paper is organised as follows. 

We start the first section by adapting to the relative case the deformation 
theory that was considered by Sevenheck and van Straten for Lagrangian 
singularities (|21j. |20|). Following Sevenheck and van Straten, we introduce 
a complex of sheaves, called the Lagrange complex, whose first cohomology 
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sheaf computes the sheaf of local infinitesimal Lagrangian deformation mod- 
ulo trivial ones. Then we recall the main result of namely the freness of 
the direct image sheaves of the relative Lagrange complex for infinitesimally 
Lagrangian versal deformations. 

For smooth Lagrangian manifolds, the Lagrange complex is canonically iso- 
morphic to the holomorphic de Rham complex. For general Lagrangian 
varieties the relation between the Lagrange complex and the de Rham com- 
plex is more subtle and will not be investigated in this paper. 

In the second section, we state the rigidity theorem and its main corollary 
which answers positively to the problem of Colin de Verdiere. This rigidity 
theorem is a weaker version of a conjectural Lagrangian versal deformation 
theorem. We point out that we consider only a naive viewpoint of versality 
namely versality over a smooth basis. We choose the name rigidity rather 
than stability because we reserve the notion of stability to momentum map- 
pings ([TP]). 

In the third section, the proof of the rigidity theorem is given. 
In the fourth section, we state and prove the coherence of the direct image 
sheaves of the relative Lagrange complex. The proof is based on a practical 
corollary of the Kiehl-Verdier theorem. Once this corollary is established, we 
just adapt to the relative case the proof given by Sevenheck and van Straten 
for the finiteness of the cohomology sheaves of the Lagrange complex ( |21j ) . 
This coherence result is used in the proof of the rigidity theoremand in the 
proof of the main theorem of . 

In the appendix, we prove a corollary to the Kiehl-Verdier theorem which 
was used in section 4 to establish the coherence theorem. 
The results of this paper can be easily adapted for real analytic Lagrangian 
varieties. The formal aspect of the theory is treated in Sevenheck's thesis 

(BQI). 
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1. Lagrangian deformations 

The complex of infinitesimal Lagrangian deformations is a particular case 
of the complex which computes the deformations of Lie algebroids (see e.g. 
|16j). It was introduced for the study of Lagrangian singularities in |21j . For 
a detailed exposition of the deformation theory of Lagrangian singularities, 
we refer to Sevenheck's thesis (|2f)j). 
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1.1. Deformations of real compact Lagrangian manifolds. To under- 
stand the construction of the Lagrange complex, it is useful to investigate the 
deformations of a smooth compact Lagrangian submanifold L C IR 2n . For 
such a manifold, the Darboux-Weinstein theorem asserts that there exists a 
symplectomorphism 

ip : R 2n — ► T*L 

which maps a tubular neighbourhood of L C M. 2n to a tubular neighbourhood 
of the zero section in the cotangent bundle T*L to L (see e.g. |25|). 
Via the map ip, a small one-parameter deformation (Lt) of L is mapped to 
the family of graphs of a one parameter family of maps 

a t :L — ► T*L 

that is, to a family of differential one forms. 

It is readily verified that L± is Lagrangian if the one-form at is closed and 
that Lt is Hamiltonian isotopic to Lq = L if at is exact. 
Consequently, the space of deformations of L over some base A modulo 
Hamiltonian isotopies is parameterised by the maps from A to the first de 
Rham cohomology group H l (L,M) of L sending € A to £ // 1 (L,R). For 
the global study of deformations of complex Lagrangian manifolds, we refer 
to |2lj. 

1.2. The relative Lagrange complex. We consider a complex manifold 
M of dimension 2n together with a holomorphic symplectic two form u £ 
tf M {M). 

The Poisson bracket {/, g} of two holomorphic functions f,g G Om{U) is 
defined by the formula 

{f,g}u n = dfAdgALO n - 1 . 

Recall that a Lagrangian submanifold of M is an ra-dimensional holomorphic 
manifold on which the symplectic form vanishes. By Lagrangian variety 
L C M, we mean a reduced complex space of pure dimension n defined by 
an ideal sheaf Tl such that which is closed under the Poisson bracket. This 
means that 

{f,g}el L (U) 

whenever f,g& Tl(U). 

We consider now the situation with parameters. Let A be a complex space 
(the parameter space) with a marked point, denoted by 0, on it. Unless 
specific mention, we assume that A is a smooth complex manifold. The 
Poisson bracket on M lifts to an OA-linear Poisson bracket on M x A. We 
shall say that a variety 

L C (M x A) 

is a Lagrange variety if its projects one-to-one to a Lagrange variety of M. 
Let Z C (M x A) be a reduced complex subspace with ideal sheaf I. A map 

ip : Z — ► A 
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is called a Lagrangian deformation of its 0-fibre if (p is a flat deformation 
and if the fibres of are reduced Lagrangian varieties. 

For a given / = j x A • • • A f k G /\ k T/l 2 , we denote by /•?' € A*" 1 ^ A 2 the 
element 

/i = (_iy/ lA ... A /. A ---A/ fc . 
The element (py € f\ k ~ 2 l/l 2 is denoted by /*•*'. 

Definition. The relative Lagrange complex, denoted (C' z ^,5), of the La- 
grangian deformation ip : Z — > A is the complex of sheaves on Z defined 
by 

k 

C k z/A = Hom 0z (/\l/l 2 ,O z ) 
and the k th differential 5 : C Z ^ A — > C Z J^ is given by 

%](/)= E {A. *>(/*)}- E v({A./i}A/^"). 

l<i<fc l<i<j<fc 

Notation. If L is a Lagrange variety then the Lagrange complex of L, denoted 
by (which is defined in |2j) is the relative Lagrange complex of the 
constant deformation 

V : L > {0} • 



1.3. Equivalence of Lagrangian deformations. 

Definition. A Lagrangian deformation-germ <p' : (Z',0) — > (A',0) is 
called C-induced (resp. C- equivalent) from (resp. to) if : (Z,0) — ► (A,0) if 
there exists a Poisson mapping (resp. a biholomorphic Poisson mapping) g 
which makes the following diagram commute 

(Z',0)-U(Z,0) 



(A',0) -(A,0) 

Definition. A Lagrangian deformation-germ ip : (Z, 0) — ► (A, 0) is called 
npid if any deformation-germ <p' : (Z 1 , 0) — ► (A x T, 0) such that the re- 
striction of <p' above A x {0} equals ip, is induced from cp. 

A deformation 

p:(Z,0) — (A,0), (A,0)«(C fe ,0) 

of a Lagrangian variety L is called C-versal, if any deformation of L over 
any smooth basis is induced from ip. 

After a choice of local coordinates in M x A at a point x, the ideal of Z at 
x is generated by holomorphic function-germs 

F 1 ,...,F p : (C fc xC 2n ,0) — ► (C,0). 
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We say that F = (F\, . . . , F p ) is the deformation of the germ of L at p, 
where L x {0} is the 0-fibre of (p. 



1.4. The Lagrangian Kodaira-Spencer map. Consider a deformation 

F : (C k x C 2n , 0) — ► (C n ,0), (A,x) ^ (Fi(X,x), . . . ,F n (X,x)) 

of a Lagrangian complete intersection germ L. As L is a complete intersec- 
tion, we get identifications 

k 

C-Z/A ~ A ®Z/A 

given by the choice of the F^s. 

We define a Kodaira Spencer map by 

v i-» [{DF.v)} 

For instance 

^A 4 ) = [(^l,...,^n)]- 
This Kodaira-Spencer map is well-defined, indeed differentiating the follow- 
ing equality along v 

n 

{F j ,F k } = ^a l F l 
i=i 

we get that 

n n 

{dFj.v, F k } + {F 3 ,dF k .v} = Y,{dai.v)Fi + a t {dF t .v) 

i=l t=l 
which implies that the mapping DF.v defines a coboundary in C' Z ,^ Q . 

Definition. The map Op : T C k — ► // 1 (C z y A0 ) defined above is called the 
relative Lagrangian Kodaira-Spencer map of F. 

By restriction to A = 0, we define an absolute Kodaira-Spencer mapping: 

9 F : T C k — ► H l (C L0 ), 
v » l(DF.v)' lx=0 ] 

and a commutative diagram 

Hl ( C z/A,o) 




TqA — ^ H 1 (C L q) 

We denote by the sheaf on L of deformations of a Lagrangian variety 
L C M over the double point S*pec(C[t]/t 2 ) modulo ^-equivalence. The 
proof of the following proposition is straightforward. 
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Proposition 1 (|21j). The Lagrangian Kodaira- Spencer map gives an iden- 
tification between the sheaf CT^ and the cohomology sheaf Tt 1 (C L ) . 

1.5. Pyramidal deformations. Following [2^, we introduce a class of sin- 
gularity which plays the role of isolated singularities in symplectic geometry. 
On the total space Z of the deformation 

if : Z ► A 

of a Lagrangian variety L C M a stratification is defined as follows: 
Let fi, ■ ■ ■ , fk be generators of the ideal of Z at a point x. Denote by 
Xx, . . . , Xk be the Hamilton vector- fields of fi, . . . , fk and by l{x) the di- 
mension of the vector spaces generated by the Xi's at x. The strata Zj is 
defined by: 

Zj = {x E Z : l{x) = j} . 
We have Z = Uj=o %5 wnere 2n = dim(M). 

The following notion was introduced in |2j for Lagrangian varieties where 
it is called "condition (P)". 

Definition. A Lagrangian deformation ip : Z — ► A is called pyramidal if 
for any k the variety Z^ is of relative dimension at most k. 

Proposition 2. The germ of a pyramidal deformation ip : Z — ► A at a 
point x € Zk is C- equivalent to a deformation-germ of the type 

>p' : (Z' x C fe ,0) — ► (A,0), Z' C C 2n " 2fc , C fc C C 2k 
which is constant on the second factor. Moreover, this decomposition induces 
a quasi-isomorphism between the complexes C'z/kx an( ^ ^Z'/AO' 

The proof of this proposition is straightforward, it is based on a simple 
symplectic reduction argument (in the absolute case see e.g. |21j). 

Theorem 1 (|21|). If (L, 0) is the germ of a pyramidal Lagrangian variety 
then the cohomology space H k (C L0 ) are finite dimensional vector spaces. 

Conjecture. If W 1 (C £ ) is finite and if L is a complete intersection then L is 
pyramidal. 

Finally, we recall the main theorem of jllj . 

Theorem 2 ([II]). Let <p : (Z, 0) — > (A, 0) be the germ of a Lagrangian 
deformation of a pyramidal Lagrangian variety L. Assume that the Kodaira- 
Spencer map 

®F '■ TbA — ► H 1 (C L ) 
is surjective. Then, the O^fl-module H 1 ^^^ Q ) is free and we have a canon- 
ical isomorphism 

The proof of this theorem used the coherence theorem (Theorem bisection 
HJ). Therefore, to avoid cross references it will not be used. 
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2. The rigidity theorem 

2.1. Lagrangian versal deformation theorem of Colin de Verdiere. 

The following result is, according to Colin de Verdiere, "the main non-trivial 
result" of 0. 

Theorem 3 (j2J)- A monomial Lagrangian deformation F : (C k xC 2 ,0) — ► 
(C, 0) of a quasi-homogeneous Lagrangian curve-germ 

(M) C (C 2 ,0) with 

an isolated singular point is C-versal provided that the absolute Kodaira- 
Spencer map associated to F is surjective. 

Remark (see e.g. [2j or |2j for details). The surjectivity of the Kodaira- 
Spencer map is easily verified. Namely, denote by / a reduced equation of 
L. Then, as shown by Brieskorn (pQ) there is a canonical identification 

H\C Lfi )^O c2>0 /Jf 

induced by the identity mapping. Here J f denotes the Jacobian ideal of /. 
Take a monomial basis of C C 2 q/JJ and lift it to 

ei, . . . ,e M e 0c 2 ,o- 
The quoted theorem of Colin de Verdiere states that the deformation 

i=i 

is £-versal. 

2.2. The rigidity theorem. 

Theorem 4. Let F : (C fc x C 2n ,0) — > (C n ,0) be a Lagrangian deformation 
of a Lagrangian complete intersection- germ 

(M) C (C 2n ,0). Assume that 

(1) (L, 0) is pyramidal, 

(2) the absolute Kodaira- Spencer map 

9 F :T C k #1(^,0) 

associated to F is surjective. 
Then, the Lagrangian deformation F is rigid. 

Example. Consider the germ at the origin of the Lagrangian variety 

L= {{q,p) £ C 2n : qip± = q 2 p2 = ■■■ = q n p n = 0} 
and let F = (F±, . . . , F n ) be the deformation defined by 

Fi = qiPi + Aj. 

The Lagrangian Kodaira-Spencer maps <9ai d\ n to the cohomology classes 

[(1,0,...,0)],...,[(0,...,0,1)]. 

A straightforward computation shows that they generate i7 1 (C L0 ). 

Thus, the Lagrangian deformation F = f + (Ai, . . . , A n ) is rigid. This is a 
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variant of the famous Vey-Riissmann theorem for separable integrable sys- 
tems ( ^2] j US] j |Hj ) • (In fact using the results of this paper together with 
that of ^0], a new proof of this theorem can be derived.) 

The following result answers positively to Colin de Verdiere's problem. 

Theorem 5. A Lagrangian deformation F : (C k x C 2 ,0) — ► (C, 0) of a 
Lagrangian curve-germ (L,0) C (C 2 ,0) with an isolated singular point is 
C-versal provided that the absolute Kodaira- Spencer map associated to F is 
surjective. 

Proof. We follow standard arguments due to Martinet for the case of singu- 
larity theory of differentiable maps (|17j). 

Put / = F(0, .) and let G be an arbitrary s-parametric Lagrangian defor- 
mation of / = F(0, .). We have to prove that G is /^-induced from F. To 
do this, we define the sum of F and G by the formula 

(F © G)(a, A, x) = F(X, x) + G{a, x) - f. 

The restriction of this deformation to A = is equal to G. Consequently it 
is sufficient to prove that F © G is £-induced from F. Denote by Fj the 
restriction of FffiG to ay = ■ ■ ■ = a s = 0. We have F 1 = F and F s = F®G. 
The rigidity theorem implies that Fj is /^-induced from Fj—\. By induction, 
we get that Fj is ^-induced from Fj_^. In particular, F s = F © G is C- 
induced from F\ = F. □ 

Remark. In case n > 1, we cannot use Martinet's argument since F © G is 
in general not a Lagrangian deformation. 

3. Proof of the rigidity theorem. 
3.1. Infinitesimal formulation of the problem. Let 

G : (C x C fc x C 2n , 0) — ► (C n , 0), (t, A, x) ^ G(t, A, a;) 

be a deformation of 

F : (C k x C 2n , 0) — > (C n , 0), (A, x) ^ F(X, x). 

The aim of this subsection is to prove the following assertion. 
Assertion. The deformation G is C-induced from F provided that there exist 
function- germs h £ 02n+fc+i, b±, . . . G Ofc+i and a matrix B £ gl(n, 02n+fc+i) 
solving the equation 

k 

(3.1) {h,G} + BG + J2bid Xi G = -d t G. 

i=l 

We search for a relative symplectomorphism-germ 

ip : (C x C k x C 2n , 0) — ► (C 2n , 0), (t, A, x) — > ip(t, A, x) 
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and a matrix A 6 GL(n, C>2n+k+i) such that the following equalities hold 

J F A T (G T o (p T ), 

[ ' {(Ao^o) = (I, Id). 

We have used the standard notations / G GL(n, 02n+fc+i) f° r the identity 
matrix, Id for the identity mapping in C 2n , A T for A(t, ., .) and so on. 
Differentiating the first equation of the system (|3.2j) with respect to r at 
r = t, we get the equation 

(3.3) a£ (Gto^ + i^- A T )(G t otp t ) + A t (^- G T )o n = 0. 

ar\ T=t dT\ T=t dT\ T=t 

Define the time-dependent vector field germ vt and the matrix B G gl(n, 02 n +k+i) 
by the formulas 

(v t ((p t (X,x)) = £p^ =t ip T (\,x), 
\{A t B t )o Vt = £ W= A T . 

Multiplying equation (|3.3() on the right by tp^ 1 and on the left by A~[ l , we 
get the equation 

(3.4) L Vt G t + B t G t + d t G t = 0. 

Standard theorems on differential equations imply (ip T ,A T ) satisfying the 
system (|3.2j) can be found provided that there exist (vt,B t ) satisfying equa- 
tion (|3.4[) , Until here our arguments have been standard and hold for most 
of the versal deformation theorems. We now come to the specificity of 
our situation. Because the vector field v(t, .) = vt comes from a relative 
symplectomorphism-germ, it is of the type 

In k 

v = ^2aid Xi + '^2b i d\ i , di G 2n +k+i, h G O k+ \ 

i=l i=l 

where the vector field w = Ylf=i a i^Xi is the Hamiltonian field of some 
function-germ h G 02 n +k+i- Consequently, equation (|3.4j) can be written in 
the form 

k 

(3.5) {h,G} + BG + Y,bid Xl G = -d t G. 

i=l 

This proves our assertion. 



3.2. Solving the infinitesimal equation. We interpret Equation (|3.1|) in 
cohomological terms. 

Let <£> : Z — > A and p' : Z 1 — > A' be representatives for F and G. We have 
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the following commutative diagram 



T A' — ^(^z'/A'fi) 




H\C Lj0 ) 

The maps 0q and Op are relative Kodaira-Spencer maps, while Op is the ab- 
solute one. The maps tt, i are the canonical projection and injection induced 
by the product structure (A', 0) ~ (A x C, 0). The map n is the restriction 
to t = and the map T2 is the restriction to A = 0. 
In this setting, Equation (j3.1j) can be rewritten as 

k 

(3.6) Waidxt) = -0 G (d t ), h,...,b k € Oa',o. 

i=i 

(We have used the notation 0q (d\ i ) rather than [d\ i G] to underline in which 
space we take the cohomology class.) 

Equation (|3.6[) can be solved provided that the cohomology class Oc(dt) be- 
longs to the 0\i ^-module generated by the #g(9aJ's. 

As Of factors through Op, the restriction to zero map 

R : H\C z , /K , fi )/(M K , fi ®o A , H\C Z , /A , >0 )) — H\C Lfi ) 
is surjective. 

Assertion. The map R is an isomorphism. 

The assertion follows from Theorem l2l (section II .5(1 but in order to be self- 
contained, we prove it. 
Let us denote by 

ifp-.Zp — > A p , p = -1,0, . . . , k 
the restriction of ip' above 

A p = {(t,A)GA':A = --- = A p = 0}, A = t, A_i = A'. 
We have exact sequences of complexes 

" C Z p /A p ,0 *- C Z p /A p ,0 *" C Z p+ i/A p+ i,0 *" 

These exact sequences induce long exact sequences in cohomology 
*■ H ( C Z p /A p ,o) *- Hk (. C Z p+1 /A p+1 fl) * Hk+1 ( C Z p /A p fi) »■ • • 
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It is readily seen that the module H°(C' Zp ^ Ap ) can be identified with the 
module (p~ 1 (Oa p ,o)- Thus, in the exact sequence the map 

H °( C Z p /A p fi) >■ H ( C Z p+1 /A p+1 ,o) 

is surjective and therefore the exact sequence splits. This shows that the 
induced maps 

Hl ( C z p /A p ,o) x . 

are injective. Finally, the injectivity of those maps implies in turn that the 
map R is injective. This proves the assertion. 

The coherence theorem for the direct image sheaves of the relative Lagrange 
complex (Theorem section 0} and the fact that these sheaves are concen- 
trated at the origin (Proposition section^) imply that the 0A',cr mo dule 
H 1 {C' Z , q) is of finite type. Therefore, using the previous assertion and 
the Nakayama lemma, we get that the system of generators 

{e F {d Xx ),...,e F {dx k )} 

of the vector space H (C' L ) lifts to a system of generators 

{6 G (d Xl ),...,8 G (d Xk )} 
of the OA',o-module H 1 (C' Z ,^ A , ). This concludes the proof of Theorem 0J 

4. The coherence theorem 

For the proof of the rigidity theorem to be complete, we need to prove 
the coherence of the direct image sheaves of the Lagrange complex and the 
concentration at the origin of these sheaves. This is done in this section. 
Our proof of the coherence follows that of Sevenheck and van Straten in the 
absolute case. It is similar to that of Greuel (H2) for the de Rham complex, 
the idea of which goes back to Brieskorn (CP). The main technical part to 
be proven is to adapt the Kiehl-Verdier theorem to our situation. This is 
done in the appendix. 

4.1. Coherence of the direct image sheaves. We will say that a topo- 
logical manifold with boundary X is complex if there exists a one parameter 
family of complex variety Yt such that 

(1) Y t C Y t , for t' > t, 

(2) X is equal to the closure of Yq in Yt for any t > 0. 
For a given holomorphic map 

(p : Z — ► A 

we say that <p extends to Z if <p is the restriction of a deformation 

V 3 ' : Yt — ► A 
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for any t > 0. In such a case, we denote by 

<p : Z — ► A 

the map obtained by extending ip to the boundary of Z. 

Now we assume that ip is the deformation of a Lagrange variety. Recall that 

the direct image image sheaves MPip*C' z ^ are defined by the pre-sheaves 

U »W{<p-\U\C z/K ). 

Theorem 6. Let <p : Z — ► A be a Lagrangian deformation such that 

(1) ip is pyramidal and extends to Z , 

(2) the fibres of Cp : Z — ► A are transverse to the boundary of Z . 
Then, the direct image sheaves W(p*C z ,^ are coherent sheaves of Oa mod- 
ules. 

For the case of a mapping to a point 

f '■ L — ► {0} 

we recover the Sevenheck-van Straten finiteness theorem (|21j). 

4.2. Proof of the coherence theorem. According to Theorem llUl which is 

proved in the appendix, it sufficies to construct a transversal datum U) 
to (ip, C z / A ) i.e. a covering (Ui) of L together with a collection of C°° 
vector fields such that Qi is transverse to the boundary of Ui and the 
cohomology of the sheaves C^/A are cons tant along the integral lines of B%. 
The construction of such a field is local, it is therefore sufficient to consider 
the case where 

(1) Z = U is a subvariety of some relatively compact open Stein space 
U c (M x A), 

(2) 2c(Ix A) is compact, 

(3) the fibres of <p : Z — ► A intersect the boundary of Z transversally. 

That ip is pyramidal implies that for any point x € dZ there exists a holo- 
morphic function h G I x such that the Hamilton vector field of h is 
transverse to dZ and points towards Z. Moreover, Proposition El (section 
11.5(1 implies that the sheaves 7~L p (C'z/a) are constant along the integral lines 
of Xfr. Consequently, we can take a covering (V^) of the boundary of Z in 
M x A such that there exists a transversal Hamiltonian vector field in 
V k . 

Let (ipki Vk) be a partition of the unity and define the C°° vector-field 

s 

k=l 

This vector field is transversal to (<p,C' z ,^). This proves the theorem. 
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4.3. Concentration and freeness of the higher direct image sheaves. 

Consider a pyramidal Lagrangian deformation germ 

F : {C k x C 2n ,0) — > (C n ,0). 

The deformation ip : Z — ► A is called a standard representative of F if (p sat- 
isfies the assumptions of Theorem |SJ The existence of such a representative 
follows from the definition of a pyramidal deformation. 

Proposition 3. Let p : Z — ► (A, 0) be a standard representative of the 
germ of a Lagrangian deformation of a pyramidal Lagrangian variety L. 
Then, there is a canonical isomorphism 

(RW z/A )o^HP(C z/Afi ). 

The proof of the proposition is a straightforward variant of the corresponding 
result due to van Straten for hypersurface singularities (EJ)- Consequently, 
it will not be given. 
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5. Appendix:The shrinking theorem 

5.1. The Kiehl-Verdier theorem. 

Theorem 7 ( |14j.p]'). Let A = (At)te[o,i] be a nuclear chain of Frechet alge- 
bras. Let E',F' be finite complexes of A^-modules such that A is transverse 
to the E k 's and the F k 's. Assume that there exists a morphism of complexes 
f : E' — > F' such that 

(1) f is a quasi-isomorphism, 

(2) the maps f k : E k — > F k are Ao-subnuclear 

Then there exists a complex L of free A\ modules of finite type and a quasi- 
isomorphism h : L — > A\®a F'. 

The definitions involved in the theorem (transversality, sub-nuclearity) will 
not be given, we refer to [7j, ^3] an d [5]. Whatever these definitions are 
is in fact unimportant to apply the theorem in the complex holomorphic 
situation. Let /C be a complex of coherent sheaves on a complex variety 
S x X. Let s = (si, . . . , s n ), r = (n, . . . , r n ) be two sequences of real positive 
numbers satisfying Sj < rj. Denote by Dt, t £ [0, 1] polydisks of radius r — ts 
centered at the same point such that Dq C S. 

Let Y C X be relatively compact subset i.e. a subset for which the closure 
Y of Y in X is compact. By applying the Kiehl-Verdier theorem with 
A = (O s (D t )), E' = 3C (D x X) and F' = JC (Dx Y), we get the following 
complex analytic version of the Kiehl-Verdier theorem. 

Theorem 8. Assume that the restriction map r : E' — ► F' is a quasi- 
isomorphism then there exists a complex L' of free Os{D\) -modules of finite 
type and a quasi-isomorphism h' : L' — ► JC'{D\ x X). 

5.2. The shrinking theorem. Let / : X — ► 5 be a morphism between 
complex spaces and K,' a complex of coherent sheaves on X with a differential 
which is /~ 1 C'5-linear. 

Definition. The pair (/, /C') possess the shrinking property if there exists 
a relatively compact subvariety YcX and open Stein coverings of X and Y 
U = (Ui), V = (Vi), where V% is a relatively compact subset of XJ% and such 
that the restriction maps 

^(unr 1 ^),^) -^^(vnr 1 ^),^) 

induce an isomorphism in hypercohomology 

r* : Wf m K' — >W(f\ Y )*1C. 

Theorem 9. If the map f : X — > S satisfies the shrinking property for a 
complex of sheaves /C then, the direct image sheaves M'/*/C' are coherent. 

5.3. Proof of the shrinking theorem. 

Denote by D C S a Stein open neighbourhood of s € S. 
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Consider the complexes of Frechet spaces 

E' : >■ E° 3 >■ E k 



ro 



F' : 



F° 



pk - 







where 

(1) E i = ® p ^ i CP(JJnf- 1 (D),^), 

(2) F i = p+ ,= i cf(Vn/- 1 (i>),/c«), 

(3) the differential in E' and -F' equals d±5, where d is the Cech deriv- 
ative and 5 is the derivative of the complex /C, 

(4) the map r' is the restriction map. 

The cohomology vector spaces of E' and F' are the hypercohomology vector 
spaces M-(/- 1 (D),/C ) and ET n Y,/C). Thus, by assumption the 
map r is a quasi-isomorphism. 

The complex .E 1 is obtained as the space of sections over X x D of a complex 
of sheaves in IxS. Namely, denote by £ p ' 9 the coherent sheaf on X x S 
defined by the pre-sheaf 

u x u' ^c p (un r 1 (U'), K q ). 

Put £ l = (& p+q=i £ pq , then £ % {X x D) = E*. Thus, the complex version of 
the Kiehl-Verdier theorem applies (Theorem [SJ . Denoting by Z?o = D and 
polydisks like in the preceding subsection, we get that there exists free 
0,s(-Di)-modules of finite type LP and a quasi-isomorphism 

K : L — ► S {X x Di). 



We sheafify this result as follows. 
Denote by k p the rank of LP so that LP 



(C s (-Di)) fcp and let L7 be the 



sheaf OJ. Since D\ is a Stein open subset, the differential of the complex 
L' induces a differential of the complex C. 

We assert that the quasi-isomorphism h' extends to a quasi-isomorphism of 
sheaf complexes 

K :C — ► £ {X x -). 
Indeed, let U C D\ be a Stein open subset. The map 

1 <g> K? : O s {U)® 0s(Dl) U> — » 05(^)^05(^)^(^1 x X) 

is a quasi-isomorphism provided that hP is a quasi-isomorphism (|S], corol- 
lary to Proposition 3 ). 

Moreover, we have canonical identifications (^H]; section 4, Corollary 1) 



and 



o s (u)® 0s{Dl) LP = a>{u) 



O s (U)® 0s{Dl) £ p (X x Di) = £ p (X x U). 
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This proves the assertion. We get that 

n p (c)(u) « n p (£)(x xu) = W{r\u),ic) = (m p /*/c)(£/) 

Thus, the direct image sheaves M p /*/C are coherent. This concludes the 
proof of the shrinking theorem. 

5.4. A van Straten type criterion. We adapt the van Straten criterion 
for the coherence ([22]) to more general situations. 

Let /C' be a complex of coherent sheaves (bounded from the right) on a 
variety X and let / : X — > S be a holomorphic map. We assume that the 
differential of K,' is f~ 1 Os linear. 

Definition ( [22] ) . A transversal vector field to (/, JC') in a Stein open subset 
UcX is a C°° vector field 9 defined in a neighbourhood of dU in X satisfying 
the following conditions: 

(1) 9 is transversal to the boundary of U, 

(2) the integral curves of 9 are contained in the fibres of f\y, 

(3) the restriction of the cohomology sheaves TL p {fC') to the integral 
curves of 9 are constant sheaves. 

Remark. The last condition means that any cohomology class can be locally 
represented by a set of holomorphic functions which are constant along the 
integral lines of 9. 

Definition. A transversal datum to (/, /C) is a set (9i,Ui), i = l,...,n, 
where Ui is a Stein covering of X and 9i is a transversal vector field to (/, /C ) 
in Ui. 

Theorem 10. The existence of a transversal datum to (/, /C) implies the 
existence of a shrinking. In particular, it implies that the hypercohomology 
sheaves Wf^K,' are coherent. 

The proof of this theorem repeats that of Theorem 1 in [22j . 
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